Negative muon ͑ − ͒ capture by helium ions ͑He + ͒, i.e., − +He + → − He 2+ + e, is investigated by carrying out a rigorous R-matrix quantum-mechanical calculation. The present exotic reaction exhibits a Rydberg series of resonances, which are described as an electron attached to an ion core − He 2+ , or in other words as a Feshbach type originating from the product channel − He 2+ + e. The series limit of the resonances is the excited-state energy of − He 2+ . The − capture cross sections ͑or collision strengths͒ and their energyaveraged quantities are calculated at collision energies up to 7 eV. At a rough guess, a resonance bunch belonging to each Rydberg state appears in the form of two humps. The final-state distribution of the product ions − He 2+ is also presented. 
I. INTRODUCTION
When heavy negative particles, such as antiprotons ͑p͒, kaons ͑K − ͒, muons ͑ − ͒, and pions ͑ − ͒, are stopped in gas, these particles can be captured to form exotic atoms ͓1-5͔. This exotic process belongs to the realm of atomic physics. Nevertheless, it has a dynamical feature that we cannot see in familiar atomic processes caused by impact with normal ions or electrons ͓6͔. Since the pioneering work of Fermi and Teller ͓7͔ or of Wightman ͓8͔, a lot of attempts to understand the capture dynamics had been made ͓6͔. Recently, there was a major development in the theoretical study: rigorous quantum-mechanical ͑QM͒ calculations were performed for the collision systems of p +H ͓9,10͔, K − +H ͓11͔, − +H ͓11,12͔, and p +He ͓13͔ ͑though one of the two electrons in He was assumed to be frozen in the last system͒. In the collisions of heavy negative particles with these neutral atom targets, it is now well known that the capture is a very active reaction, and the capture cross section exhibits a smooth dependence on the collision energy.
As for the initial QM study of the capture by positive ion targets, the wave-packet propagation method was applied to the p +He + collisions ͓14͔. It was found in this system that the probability of the direct capture was small ͑at most Ͻ0.1͒, but the capture could be further induced significantly by resonance phenomena. Unfortunately, the wave-packet method was unsuitable for a close investigation of the resonances because the wave packet had to be propagated for quite a long time. Immediately afterward, another approach based on the R-matrix method ͓15͔ was developed for the same system ͓16͔. In this R-matrix calculation, we were able to present a variety of resonances over a wide range of energies although the collisions were examined only for a certain total angular momentum quantum number J. The resonance complexes pHe + which have been investigated in laser spectroscopic experiments ͓3,5͔ are referred to as antiprotonic helium. They are identified as the vibrational motion supported by the adiabatic potential of the lowest ͑1͒ state correlating to the fragments p +He + ͑1s͒ if the BornOppenheimer ͑BO͒ approximation is applied ͓17-19͔. However, the 1 resonances cannot occur unless the p +He + collision channel is energetically closed. The resonances involved in the p +He + collisions must be associated with the adiabatic states which correlate to electronically excited states of isolated He + . The study of such high-energy resonances is quite primitive ͓16,20͔.
It is a very interesting subject to carefully study the effect of resonances on the cross section for the capture by positive ion targets. In the p +He + system, however many partial waves in the range of 0 Յ J Շ 40 have an important contribution to the capture even at very low collision energies ͓14͔. Accordingly, a complete QM calculation of the cross section for the p capture by He + requires an enormous computational labor. In the present study, hence we choose the system of − +He + and investigate the − capture process, i.e., − + He
where the muonic atom ͑ion͒ − He 2+ is the hydrogenic system and ͑N , L͒ are its principal and angular momentum quantum numbers. The − mass is about nine times smaller than the p mass. The hydrogenic ion − He 2+ in the Coulomb ground state ͑N =1͒ has a radius of ϳ2.5ϫ 10 −3 a.u. and an ionization potential of ϳ11 keV. Some other properties of muonic atoms including nuclear effects were reviewed in Ref. ͓1͔. In the present study, all the particles e, − , and He
2+
can be regarded as a point charge ͓1͔. We show the effective potentials of the − +He + system in Fig. 1 and those of the − +He 2+ system in Fig. 2 . In these figures, the energy of − +He + ͑1s͒ at rest is D = −2 a.u.. Even if the collision energy is vanishingly low, the final states ͑N , L͒ of − He 2+ that have energies ՅD are kinematically allowed. This means that the highly excited states at least up to ͑N , L͒ = ͑14, 13͒ must be always included in the calculation, as visualized in Fig. 2 . Thus, we can see that the highest total angular momentum is J ϳ 13 in the low-energy − capture by He + . We use the R-matrix method to accomplish a complete QM study of the − capture by He + . For the present process very rich in resonances, the collision calculation must be carried out at fine energy intervals. The R-matrix method is the most suitable for this purpose. We investigate the resonance structures prominently visible at all the collision energies up to 7 eV and give some discussion on the resonance properties. The R-matrix method has been successfully applied to the calculation of the cross sections for exotic processes involving heavy negative particles, i.e., dissociative attachment to − p ͓21͔ and dissociative recombination of pHe 2+ ͓20͔. Although these are the inverse processes of the − capture by H and the p capture by He + , respectively, the total angular momenta associated with electron incidence can be rather confined to a small range, and accordingly their rigorous calculations are somewhat tractable. In the present study, by taking into account of all the partial waves that participate in the − capture by He + ͑0 Յ J Յ 16͒, we calculate the capture cross section ͑or collision strength͒ and the finalstate distribution of the products. The present study is the first rigorous QM calculation of the cross section for the heavy negative particle capture by He + ions.
II. THEORY AND CALCULATION
The details of the theoretical formulation and the numerical method can be found elsewhere ͓16,20,21͔. Therefore, only the outline is given here.
A. Collision theory
We denote by ͑J , M͒ the total angular momentum quantum numbers and by p the total parity. The time-independent Schrödinger equation for the present collision problem is
where 0 indicates an initial collision channel, E tot is the total energy of the system, and H is the Hamiltonian operator given by
͑3͒
Here, m R and m r are reduced masses defined by
with the He 2+ ͑␣ particle͒ mass m ␣ , the muon mass m −, and the electron mass m e , R and L are, respectively, the position vector and the angular momentum vector ͑operator͒ between − and He 2+ , r and l are those between e and − He 2+ , and V is the sum of the Coulomb potentials. Here and in the following, we use a.u. unless otherwise stated.
For the description of the asymptotic reactant channel − +He + ͑1s͒, it is convenient to use the adiabatic BO picture ͓14,16͔. The total energy E tot must be higher than the ground-state energy D = −2 a.u. of He + . We further assume the total energy much lower than excited-state energies of He + . Introducing the body-fixed ͑BF͒ frame, in which the z axis is chosen along R , we can write the total wave function ⌿ 0 JMp ͑R , r͒ at sufficiently large R as
where D M0 Jp ͑R ͒ is a parity-specified Wigner D-function normalized to unity ͓16͔ and 1 ͑R ; r , ͒ is the adiabatic wave function of the lowest 1 state. In the − +He + ͑1s͒ collisions, the total parity must be p = ͑−1͒ J . For the product capture channel − He 2+ + e ͑i.e., electron emission͒, the space-fixed ͑SF͒ frame is more appropriate. E f f e c t i v e p o t e n t i a l e n e r g y ( a . u . )
2 . 0 1 . 5 1 . 0 0 . 5 0 . 0 The total wave function ⌿ 0 JMp in the SF frame can be given in the form
where ⌼ NL ͑R͒ is the hydrogenic radial function of − He
2+
with the principal and angular momentum quantum numbers ͑N , L͒, Y Ll JMp ͑R , r͒ is the eigenfunction of the total angular momentum, and l is the electronic angular momentum quantum number. The energy of − He 2+ is given by
From the asymptotic form of the scattering radial functions F 1, 0 Jp ͑R͒ and f NLl, 0 Jp ͑r͒, we can extract the S-matrix elements S NLl,1 Jp for the − capture. Then, the probability of the − capture into the ͑N , L , l͒ product channel is
We define the total capture probability summed over all these channels by
The capture cross section can be given by
where E = E tot − D is the collision energy and ⍀ is called the collision strength ͓14͔ defined by
For the final-state selected capture collision strengths, we can introduce
B. R-matrix method
Defining the inner region by 0 Յ R Յ A and 0 Յ r Յ a, we consider the R-matrix eigenvalue equation
where
is the Bloch operators ͓22͔, and identifies the discrete eigenvalues E Jp . For the solution of Eq. ͑16͒, the wave function ⌽ JMp is expanded in the BF-frame form ͓16͔
where ͑Ն0͒ is the electronic magnetic quantum number in the BF frame. The R-matrix elements can be calculated from certain radial functions H 1, Jp ͑R͒ and h NLl, Jp ͑r͒ ͓15͔, i.e.,
and the function values H 1, Jp ͑A͒ and h NLl, Jp ͑a͒ at the boundary are explicitly given by the projections of the wave function Jp ͓16͔:
is an associated Legendre function normalized to unity and U L Jpl are the matrix elements of orthogonal transformation between the SF-and BFframe bases ͓16͔.
The wave function Jp ͑R , r , ͒ was solved using direct numerical algorithm based on grid ͑discrete-variable͒ representation ͓16,20,21͔. As in Refs. ͓16,20͔, we took the boundary values A = 1.3 a.u. and a = 3.5 a.u. and the numbers of grid points ͑N r , N ͒ = ͑30, 5͒ in the ͑r , ͒ coordinate space. The number of grid points N R in the R space was chosen so as to be N R = 100 for J Յ 1, N R = 50 for 2 Յ J Յ 4, N R = 40 for 5 Յ J Յ 7, and N R = 30 for J Ն 8. We considered the channels of Յ1 and l Յ 3. We further propagated the R matrix to a large distance r = 40 a.u. to eliminate long-range coupling effects, and then calculated the S matrix elements S NLl,1 Jp ͓16͔.
III. RESULTS AND DISCUSSION

A. Resonances
In this subsection, we present the results of the calculated − capture probability P Jp in order to look closely into the resonances. In Ref. ͓20͔, several simplified ͑hydrogenic, L mixing, and adiabatic BO͒ models were introduced for the identification of the pHe + resonances. In the hydrogenic and L-mixing models, the resonances are described as a Feshbach type originating from the e + pHe 2+ channel. In the BO model, they are characterized as a molecule in an excited adiabatic state. We apply these models also to the present case.
In Fig. 3 , we plot the capture probability against the collision energy E for the total angular momentum J = 10 and can see several resonances. First, we apply the hydrogenic model: the resonance state is regarded as a Rydberg electron attached to a point-like ion core ͑ − He 2+ ͒, and the resonance energy is expressed by
where N = N c indicates the closed channel in the e + − He 2+ system and n is the principal quantum number of the H atom. The series limit ͑n → ϱ͒ of the Rydberg resonances is given by the excited-state energy E N c of − He 2+ . Because E N − D = 5.7883 eV for N = 15, we set N c = 15 in the collision energy range of E Յ 5 eV. The resonance energy levels predicted by the hydrogenic model are also shown in Fig. 3 . We see that a group of three resonances can be associated with the hydrogenic level n = 2, 3, or 4. As a necessary condition for the validity of the hydrogenic model, the average radius ͗r͘ ϳ n 2 must be much larger than ͗R͘ϳN c 2 / ͑2m R ͒ ͓20͔. Because ͗R͘Ӎ0.56 a.u. for N c = 15, the condition is satisfied if n Ն 2. As was found in Ref. ͓20͔, the present − He + resonances can be basically accounted for in terms of the hydrogenic model. Because m ␣ ӷ m − and m e , the interaction V is essentially approximated to the following simple form:
In the L-mixing model ͓20͔ with use of this interaction, the bound-type wave function of the total system is taken to be
where N c = 15, and the unknown radial function g Ll Jp ͑r͒ for the Rydberg electron is solved numerically. Some of the energy levels given in the L-mixing model are also shown in Fig. 3 . Using this model, we can find that the three resonances having the same n stem from mainly the mixing of the ͑L , l͒ = ͑J ,0͒ and ͑J Ϯ 1,1͒ states. This indicates the less importance of l Ն 2 components in the resonance states. We may hence identify the resonances as an s-or p-electron type. ͑The levels to be identified as l Ն 2 in the L-mixing model are not shown in the figure.͒ For the pHe + resonances having N c Ӎ 40 ͓20͔, the L-mixing model can only produce about a half of the actual spacing between the resonance levels which belong to the same n. Therefore, the L-mixing model seems to be better for the present − He + resonances than for the pHe + resonances. This is probably because the N-mixing effect of the core is less significant for the − He + resonances: neglecting the N mixing is more acceptable for a larger value of the energy difference ⌬E between the N and N Ϯ 1 core levels, and we have ⌬E ϳ 0.1 a.u. for pHe 2+ ͑N Ӎ 40͒ and ⌬E ϳ 0.2 a.u. for − He 2+ ͑N Ӎ 15͒. In the BO model, the resonance states are associated with the vibrational bound motion supported by the following effective potential ͓16,19,20͔:
where E BO ͑R͒ is the adiabatic electronic energy obtained in the BO approximation. The centrifugal angular momentum L res cannot be uniquely determined. Here, by choosing L res = J = 10 as an example, we present in Fig. 3 the vibrational energy levels for the and ͑ = 0 and 1͒ adiabatic states correlating with the l = 0 and 1 states in the R → 0 limit. We can see that the L-mixing model works better than the BO model. For the pHe + resonances of n = 3, the BO model is much more satisfactory than for the present case of lower n =2 ͓20͔. This is due to the light mass of − . As a matter of course, the BO approximation is more appropriate for the heavier pHe + system than for the − He + system. In the present study, we further introduce another model based on molecular quantum defect ͑QD͒ theory ͓23,24͔. This model is expected to improve the BO results. We can define the scattering K matrix elements corresponding to the closed-channel part by ͓23,24͔ 
FIG. 3.
Resonance features seen in the capture probability P Jp for the total angular momentum J = 10 at collision energies 1 Յ E Յ 5 eV. ͑No prominent resonances are observed at E Յ 1 eV and 3 Յ E Յ 3.9 eV in the present calculation.͒ Also shown are the resonance energy levels predicted by the hydrogenic ͑h͒, L-mixing ͑LM͒, adiabatic ͑BO͒, and quantum defect ͑QD͒ models ͑see text͒.
where l ͑R͒ is the R-dependent adiabatic quantum defect obtained from the adiabatic electronic energy E BO ͑R͒ and l is assumed to be fixed for simplicity. The diagonalization of this K matrix gives the eigen quantum defect li Jp ͓23,24͔. If the coupling between the resonance and continuum states is weak, the resonance energy may be approximated to the simple Rydberg formula ͓23͔
As seen in Fig. 3 , the accuracy of the p resonance levels in the QD model is at the same level as that of the L-mixing results, but the accuracy of the s resonance levels becomes worse than that of the BO results. Because the e + − He + system has generally a strong anisotropic interaction, the l conserving assumption in Eq. ͑28͒ might be unacceptable ͓24͔. Furthermore, the coupling with continuum states might be too strong to use Eq. ͑29͒. A detailed analysis using the QD theory remains in future work. Figure 4 shows the capture probability P Jp at collision energies E Յ 5.7 eV for three total angular momenta J =1, 8, and 15. The probability of the direct ͑off-resonance͒ capture is always small ͑Ͻ0.1͒. However, each resonance in a Rydberg series can yield a large capture probability ͑occasionally close to unity͒. This result is indicative of the importance of the resonances in the − capture by He + as was found in the p capture by He + ͓14,16͔. We examine the J dependence of the resonance feature. As would be expected, the resonances for J = 8 exhibit a feature analogous to that for J = 10 shown in Fig. 3 , and the three resonances in each group can be classified into the s and p types. In the case of J = 1, however more than three resonances make up each group for n Ն 3. We can understand this J dependence to some extent by viewing the level spacing of resonances. In Fig. 5 , we plot the n = 3 resonance energies obtained in the L-mixing model against J. We see that the level spacing becomes wider as J decreases. By the level spacing, we can measure the degree of the L ͑or l͒ mixing. In the present case, it is just conceivable that the resonance state can contribute significantly to the capture only if it has an s or p component. Then, the results of Fig. 5 suggests that with decreasing J, a larger number of intrinsically l Ն 2 hydrogenic levels can have an s or p component and can be responsible for resonance captures. The J dependence of the state mixing may be explained by the overlap among the core wave functions ⌼ NL having the same N. If J is low, the related Ls are also low in the present case, and these Ls give rise to only a slight difference in the effective potential curve at total energies E tot Ͼ D ͑see Fig. 2͒ . This makes a large overlap among ⌼ NL s having the same N and hence strong coupling among the different L states. If J is high ͑i.e., Ls are high͒, however the overlap between ⌼ NL and ⌼ NL Ј becomes smaller as ͉L − LЈ͉ increases because of a larger difference in the effective potential curve. In this case, the coupling among the states having large ͉L − LЈ͉ would be less important. The partial wave J = 15 has a special situation if the N Ն 15 product channels are energetically closed ͑i.e., E Ͻ E N=15 − D͒. In this case, a single resonance peak can be observed for each n because the allowed resonance state is restricted to only L = J −1=14 for the s or p type. Furthermore, the direct capture is negligible because the product ions − He 2+ are required to have L Ն 14 ͑in spite of N Յ 14͒ for the emission of l Յ 1 electrons. If J = 14, there are two resonance states associated with L = J −1=13 and L = J =14 for each n. For J Ն 16, the direct and resonance capture processes are both negligible at energies E Ͻ E N=15 − D.
As seen in Eq. ͑10͒, each partial wave contributes to the cross section in the form of the partial collision strength ⍀ Jp = ͑2J +1͒P Jp . In Fig. 6 , we plot the partial collision strength for all the important total angular momenta J =0-15 at collision energies E Յ 3 eV. In this energy region, the resonances are identified as the n = 2 Rydberg state. The resonance position varies with J, and the range of its variation is not so small compared with the resonance widths. Consequently, the sum over these partial waves yields a highly complicated energy dependence in the collision strengths as will be seen later ͑e.g., Fig. 8͒ . In Fig. 6 , there are tiny resonances ͑as seen at E Շ 0.5 eV͒ which cannot be simply explained in terms of the L-mixing model. These resonances are less important in the capture process and will not be discussed further in the present study.
To take a detailed look at the J dependence, we pick up three collision energies of E = 0.3 eV for the direct capture and E = 1.0 and 1.5 eV for the resonance capture ͑cf. Fig. 6͒ . Figure 7 shows the partial collision strength as a function of J at these three energies. For the direct capture, the variation in J is smooth. The partial collision strength is very small for J ϳ 0 due to the weight factor 2J + 1 and has a maximum value at J Ӎ 10. Because the probability of the direct capture is loosely dependent on E ͑Fig. 4͒, the partial collision strength turns out to be the largest always for J Ӎ 10 in the off-resonance energy region considered here. In contrast, the partial collision strength for the resonance capture exhibits very bumpy J dependence and can have a non-negligible value even if J is very low.
B. Capture collision strength
The capture collision strength ⍀ is calculated at collision energies up to E = 7 eV and shown in Fig. 8 . As was observed in the capture probability, we can recognize a Rydberg series of resonances converging to E N=15 − D also in the collision strength. A cluster of resonances belonging to the same n are apparently split into two groups ͑s and p types͒ and accordingly appears in the form of bimodal major peaks. Minor oscillations other than this come from the small difference among the resonance positions dependent on J. There is a jump in the collision strength at the collision energy E = E N=15 − D. This is the Coulomb peculiarity, i.e., the threshold effect stemming from the product channel e + He 2+ ͑N͒ in which the Coulomb attraction acts ͓23,25͔. Because also the reactant channel − +He + has the Coulomb attraction, and the capture reaction is exoergic, the collision strength is finite in the limit as E → 0 ͓14͔. This means that the capture cross section diverges as E −1 in the zero energy limit. At the lowest energy E = 0.01 eV considered here, the capture collision strength is ⍀ = 15.7. If we can assume that there is no resonance at E Շ 0.01 eV and furthermore the energy dependence of the collision strength is negligible at E Ͻ 0.01 eV, then the low-energy behavior of the capture cross section is estimated to be ͓in a.u.͔ = 3.33 E͓in eV͔ for E Յ 0.01 eV. ͑30͒
The capture collision strength ⍀͑N͒ for the formation of the − He 2+ ions having the principal quantum number N is shown at collision energies E Յ 3 eV in Fig. 9 . We see that the − He 2+ products mostly occupy the highest energetically possible state ͑i.e., N =14͒ regardless of the direct or resonance capture. This is true at energies up to E = E N=15 − D ͑see also Fig. 15͒ , and then the most populated state shifts to N = 15 if the energy is above E N=15 − D ͑but still below E N=16 − D͒. It turns out that the emission of electrons having smaller kinetic energies is preferred in the capture process.
The capture collision strength ⍀͑L͒ for the formation of − He 2+ having the angular momentum L is shown at collision energies E Յ 3 eV in Fig. 10 . In the off-resonance energy region, we can see that the most populated state is L Ӎ 10. In the resonance region, however each collision strength ⍀͑L͒ has a quite different energy dependence, and hence the L distribution varies greatly according to the energy. Not only this situation but also the appearance of the energy dependence are very similar to those of the partial collision strength ⍀ Jp ͑Fig. 6͒. This is because the emitted electrons can carry away only low angular momenta, and hence we have L Ӎ J in the capture process.
The capture collision strength ⍀͑l͒ for the emission of electrons having the angular momentum l is shown at collision energies E Յ 3 eV in Fig. 11 . In the energy region 0.8 Շ E Շ 1.7 eV, the s-type resonance occurs, and the emitted electrons are found to have preferentially the angular momentum l = 0. Although also the l = 1 emission channel might be preferred, in reality the collision strength ⍀͑l =1͒ in this resonance region is not so different from the values in the off-resonance region. At energies 2.2Շ E Շ 2.7 eV, resonances are the p-type, and also the emission channel of high l = 2 has a large contribution in this case. At all the energies considered here ͑E Յ 7 eV͒, the l = 3 contribution to the capture process is always small. 
FIG. 10. L-state selected capture collision strengths ⍀͑L͒ at collision energies E Յ 3 eV. We have found that the muons are captured predominantly into the N = 14 state of − He 2+ at energies E Ͻ E N=15 − D. Hence, we make a careful study of the capture especially for the N = 14 final state. Figure 12 shows the stateselected capture collision strength ⍀͑N =14,L͒ for all the possible Ls at collision energies E Յ 3 eV. Because of the concentration of the population in the N = 14 state, the shapes of the curves in this figure are somewhat similar to those seen in Fig. 10 . The circular state ͑L = N −1͒ of exotic atoms such as pHe 2+ and pHe + sometimes plays an important role in experimental studies ͓3,5,26͔. In Fig. 12 , the capture collision strength for the − He 2+ products in the circular state is indicated by the heavy curve. We see that the circular state cannot be produced efficiently in the present capture processes except for resonances. If the capture occurs only through the direct process, the L distribution is expected to be uncomplicated. As examples of the direct capture, we choose three collision energies E = 0.3, 3.5, and 4.5 eV and show the L distribution for N = 14 in Fig. 13 . Regardless of the energy, the L distribution has a similar simple form exhibiting a single peak: as would be expected, the most populated state is always L Ӎ 10.
C. Energy-averaged capture cross section
It is not always possible to distinguish all the resonance peaks in experimental studies owing to the finite resolution of collision energy. Here, we scan the capture cross section with some energy resolution and examine to what extent the resonance phenomena are practically observable. The cross sections are averaged over energy by being simply sorted into an energy bin ͑E − ⌬E / 2,E + ⌬E / 2͒, where ⌬E corresponds to the experimental energy resolution. Figure 14 shows the energy-averaged capture cross section summed over all the final product channels calculated for typical resolutions ⌬E = 30, 100, and 300 meV. With these energy resolutions, the bimodal structure characteristic of the present capture process ͑Fig. 8͒ is still clearly visible for n = 2 and becomes obscure for n տ 4. If n տ 6, the averaged cross sections are smoothed off although they turns out to be significantly enhanced from the off-resonance values due to the dense high Rydberg resonance states. Therefore, it is expected in experiments that we recognize the resonance cluster as having a bimodal structure at E Շ 4 eV and at least as a single peak at E Շ 5 eV. In the present calculation, we see that there are two major extended energy regions of 0 Ͻ E Շ 0.7 eV and 3.0Շ E Շ 3.6 eV, in which the capture occurs substantially only through the direct process. An appar- For the capture into the N state of − He 2+ , the energyaveraged cross section obtained with the resolution ⌬E = 100 meV is shown at collision energies E Յ 5.5 eV in Fig.  15 . The averaged cross sections have a similar shape irrespective of N although the magnitude varies significantly. The averaged capture cross sections for N = 14 are roughly about three times as large as those for N = 13. For the product states of N = 14 and several Ls, the state-selected capture cross section averaged with the energy resolution ⌬E = 100 meV is shown at collision energies E Յ 5.5 eV in Fig.  16 . It is found that the circular state can be produced efficiently only in some resonance regions.
IV. SUMMARY AND FURTHER DISCUSSION
The collision strengths and cross sections for the − capture by He + have been calculated quantum mechanically by using the R-matrix method. The state distribution of the product ions − He 2+ has been investigated. The highest energetically possible state is predominantly populated. The L distribution of − He 2+ exhibits a feature strongly dependent on the energy in the resonance capture. The R-matrix method enables us to present the complete resonance features over a wide range of collision energies. The resonance processes have totally an important contribution to the capture in the present system. Probably, this is true for various cases of the heavy negative particle capture by atomic ions. If the target is a molecular ion, however resonance phenomena are no longer important, and the capture rather occurs mainly as a familiar type of chemical reaction which can be described within the BO approximation ͓27-29͔.
The resonances observed in the capture process can be associated with the closed channels in the e + − He 2+ arrangement. Because the Coulomb attraction acts between the products e and − He 2+ , there are a Rydberg series of resonances converging to each excited-state energy of − He 2+ . In addition, the Coulomb attraction acting between also the reactants − and He + makes the low-energy behavior of the capture cross section as ϰE −1 . If the total energies are just below an excited-state energy of He + ͑e.g., −0.5 a.u.͒, we may observe another type of Rydberg resonances associated with the closed channels in the − +He + arrangement. In these resonances, it may be possible that the boundlike − orbital is far outside the He + core. The resonance states having such a property was theoretically discussed for the pHe + system although the total energy was limited to ϽD ͓30͔. Anyhow, the investigation of the capture at high energies remains in future work.
The capture probability may serve as a measure of the breakdown of the BO approximation in the − +He + collisions at low energies ͓16͔. The direct capture probabilities are not so large ͑Շ0.1͒. However, the resonance capture probabilities can be much larger and even close to unity. The BO approximation may not be appropriate for the description of the collision dynamics if the collision satisfies the resonance condition. In the case of the p capture by He + , the direct capture probabilities are Շ0.04 ͓14͔, and the resonance capture probabilities can be large ͑ϳ1͒ as well ͓16͔. Because of the mass difference between p and − , it seems to be natural that the BO approximation works better for p +He + than for − +He + . However, the resonance peaks are denser for the p capture by He + ͓16͔. Therefore, the discussion about the applicability of the BO approximation is not so straightforward in the collisions of heavy negative particles and He + ions. In contrast to the present system, the − capture by the neutral H atom can occur efficiently through only direct processes ͓11,12͔. Actually, the cross sections for the − capture by H are ϳ40 a.u. at E = 1 eV and ϳ10 a.u. at E =5 eV ͓11,12͔, which are much larger than those for the − capture by He + . However, the situation of the capture cross sections turns back when the collision energy becomes very low. The cross section for the − capture by H at low energies may be estimated to be 0.8͑2␣ / E͒ 1/2 with ␣ being the polarizability of the H atom ͓11͔. Together with Eq. ͑30͒, we can see that the cross section becomes larger for the − capture by He + than for the − capture by H if E Շ 0.007 eV.
